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I N order that a scientific method may be of any value, 
it must satisfy two conditions. [n the first place, 

it must be possible to apply it in the actual cases to which it 
is meant to be relevant, in  the second, its arguments must 
be sound. The main object of science ks to increase know- 
ledge o~' the world, and if a method is not applicable to 
anything in the world it obviously cannot lead to any 
knowledge. This principle is very elementary, and it is 
probably for that very reason that i{ is habitually overlooked 
in theories of scientific knowledge. 

Any theory, whether scientific or purely logic~d, must rest 
on a set oE primitive propositions, called postulates. In 
e~eh case other propositions are deduced from these, one 
by one, by a purely logical process. The difference between 
pure logic and science lies in the nature of the primitive 
propositions. In all cases these include the postulates of 
pure logic ; but in scientific investigation they also includ~ 
two other kinds of proposition. The first of these consists 
of the facts of sensory experience, which do not form a part 
o[" logic; the second type are general propositions, involving 
the non-logical concept of probability. This is necessary in 
order to deal with the essential process of generalization, 
~md accordingly we think that any attempt to construct a 
theory ot ~ scientific knowledge without it is foredoomed to 
failure. The attempt has nevertheless been made several 
times in different ways. In this paper we hope to indicate 
the points at which these various attempts break down ; in 
all cases it is found that they fail to satisfy the criterion 
of applic~bility in practice. 

The second criterion is as necessary as the first, but it is 
usually satisfied in scientific theories. Nevertheless, the tru~ 
nature of scientific argument is very imperfectly understood. 
i t  is not difficult to suggest a reason for this. The analysis 
of processes of reasoning" has always been regarded by philo- 
sophers as their special province, aud they have habitually 

* Communicated by the Authors. 
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regarded the scientific practice of proceeding from the parti- 
cular to the general as formally fallacious: as indeed it is, 
if no postulate be introduced o~her than those of pure logic 
and the bare facts of sensation. Scientific writers, on the 
other hand, start with a firm conviction that their methods 
are valid ; accordingly, if philosophical argument is opt,osod 
to science, they regard the fact merely as a good reason 
for condemning philosophy. 'l'he result has been that 
they look with dist'avour on any analysis of the funda- 
mental assumptions of science, since such discussions have 
proved ahnost entirely fruitless in the past. Thus any 
serious attempt at such analysis has come to be described 
as metaphysical and largely ignored, with a consequent 
loss of clarily in scientific discussion. A certain amount 
of attention has, however, at last been drawn to this need, 
partly by the slashing attacks of Karl Pearson and Ernst 
Math on certain prevalent scientific concepts, and partly 
by the important physical results predicted by Einstein, 
largely based on the ~'iews of these earlier writers. 
Physical concepts have consequently been subjected to 
some discussion in recent books, but, we think, quite 
unsatisfactorily. Instead of investigating the actual nature 
and method of application of the fundamental postulates, 
these writers have surrendered completely to the philosophic 
criticisms and tried to treat scientific knowledge without 
using any form of generalization, but with the introduction 
of certain new postulates which, if they occur in ordinary 
scientific use at all, are not primitive propositions. The 
result is that beautifully coherent deductive systems are 
obtained which would be perfectly satisfactory if their 
fundamental postulates were admitted; but when these 
are examined it is found in all cases that they ~re not 
directly known to be Lrue, and that they can be verified 
only by the confirmation of the predictions based on them. 
But this does not {)rove theft they are true:  if two pro- 
positions p and q are so related that io implies q, the thct 
that q is true does no~ entitle us to say that 1~ is true, 
unless some further assumption is introduced; and this 
assumption is not a part of pure logic. Thus the truth 
~f the alleged primitive postulates in these eases is only 
inferred by using a principle which the purely logical 
method was expressly designed to avoid. 

One type of postulate that is unsatisfactory on these 
grounds is that which involves the use of infinite classes 
of entities, and our reason for objecting to it is similar to 
*hat given by Poincar6 in his criticisms of Cantor's theory 
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of infinite nmnbers. Polnear6 argued "* that it is impossible 
to ~ssert auything about a class, and in particular anything 
about the number of its members, until every member of 
the class is defined in words; and as only a finite nu,nber 
of entities can ever be defined in words, it. is impossible to 
know anything about an infinite class, so that there can be 
no knowledge of infinite nmnbers. The argument, as it 
stands, is not valid against the theory of infinity, tbr in 
order to make an assertion about a class it may not be 
necessary to have definitions of all the members sepa- 
ra te ly;  often a general proposition about all members 
can be asserted or postulated, and is enough for the 
t,urpose. Poinca,'(~, indeed, seems to have overlooked 
the fact that if his argmnent were sound it  would also 
destroy the whole theory of infinite series, on which most 
higher pure mathematies is based;  for the convergence of 
a series depends on the proposition that all the remainders 
left  after n, ~+  1, ~:.+2, . . . terms art ,  for some value of n, 
numerically less than a fixed quantity e. These remainders 
are infinite in number, and hence it would be impossible, 
if Poincar6's assumption were granted, ever to prove tl,at 
a series is convergent. This result is, of course, quite 
unacceptable. But  Poineard's argmnent  would go even 
fur ther  than this. Nobody has had time in his life to 
construct definitions of every member of a class of a 
million members, and as a number is merely a property of 
a class it should be impossible to prove that, for instanee, 

1 000 001"~'= 1 000 002 0¢0 001. 

Thus the argument would also inwdidate mosf of arithmetic. 
If, therefore, we believe that the propositions of arithmetic 
have some meaning and are true, we must abandon PoinearCs 
objection to the theory of infinite numbers. 

But while we cannot accept the argument of Poineard in 
this ease, it is clear that it is valid in eases where our only 
source of information about the members of a class is 
empirical;  for the total number of observations any man 
has made in his life is finite, and hence his experience 
along can never tell him anything about all the members 
of an infinite class of entities. Any proposition about 
sueh a class, or about all its members, is necessarily either 
wholly a pr ior i  or else an inductive generalization, and 
neither directly known nor obtainable from experience by 

~ Science et M6thode,' pp. 192-214 (1908). 
2 C 2  



372 Dr. Dorothy Wrinch and Dr. I t .  Jeffreys on Ce~'tain 

~he principles of pure logic alone. Accordingly, the Funda- 
mental data in any branch of science must consist of a finite 
number of observatio,ml results and some a priori postulates. 

One consequence of this is that we can never prove the 
existence of a limit to which a series of entities known 
by experience may tend, for in order to establish the 
existence of such a limit we should need to have knowledge 
that an infinite humber of such entities are within a definite 
distance of that limit. This by itself would not be a fatal 
objection to any such theory,  for there seems to be no 
hope of constructing a theory of knowledge without some 
assumptions, and it may be considered that in the case 
in question certain conditions are satisfied under which 
the existence of the limit is known a ~)riori. But wha~ 
is more serious is that in a physical problem we do not 
merely want to know that the limit exists; we also want 
to know its value according to some system of measurement, 
and that  value can never be known a priori ; indeed, it" 
it were, there would be no need to make measurements at, 
all. Th,as, if a limit is ev,,r used in a physical theory,  its 
value and all propositions abont it are neither a prio~'i 
nor known by experience, and therefore-are not primitive 
propositions that can be used as the data of a theory of 
knowledge. 

A defect arising h'om the use of infinite classes is present 
in Mr. Bertrand Russell's t r ea tmen t*  of physical objects as 
classes of sensibilia. In  order to obtain a deductive theory 
he defines a physical object as the class of all its aspects, 
including those which are not perceived. Now an un- 
perceived aspect, or sensibile, obviously is n , t  known, and 
therefore, on Mr. Russell's theory, we could never assert 
any proposition about the physical object. We could never, 
for instance, say whether it satisfied any physical law or 
not ; however often the law was verified for perceived aspects, 
it would always be possible that it was violated by the 
unperceived ones. The qualities of the latter can at the 
most be inferred from the perceived ones, and this cannot 
be don~ unless difficult assumptions as to the resemblances 
bef, ween perceived and unperceived sense data are intro- 
duced. 

Prof .  WJfitehead's theory t appears to be unworkable 
for similar reasons. Events,  instead of scnsibilia,-are tbr 
him the fundamental en~ities, but he also requires the use of 

* , 5Jvsticism and Logic,' pp. 145-167 (1917). 
t ' An Enquiry into the Principles of Natural Knowledge ' (191.% 
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infinite classes. Thus his theory, like 3It. Russell's, is not 
a possible theory of knowledg,,  whatever its status as a 
metaphysic may be. 

The doctrine of universal consent, as a criterion of 
scientific truth, is open to a similar objection, though it 
does not involve the use of infinite classes. I t  has been 
made part of the basis of Dr. N. R. Campbell 's recent book, 
" Physics:  The Elements. '  in which it is stated that only 
those processes, logical and experimental, are admissible in 
physics, which are universally agreed to be wtlid. The 
object of" this principle is to place scientific knowledge on 
an apparen'tly more secure foundation than the individual 
judgment,  and thus to distinguish it from metaphysics and 
mysticism. But Dr. Campbell would not suggest that no 
process is acceptable in physics until it has been submitted 
to the whole of niankind. I f  that was necessary, there 
wouht be no theory in  physics and very little pract ice:  
the persons who can understand even the proof that 
( x + a ) ( x - - a )  :=a:~--a "2 do not compose a tenfl~ of mankind. 
Some criterion is necessary to decide whose judgments 
shall be omitted; and this "criterion, for obvious reasons, 
cannot be a universal judgment. Also, supposing that 
it had been decided that some classes of judgments were 
admissible, in any new instance it would be necessary to 
decide wh4he r  tho new judgment was in fact a member 
of that class or not, and this would consitute an individual 
judgment.  Thus universal consent is not an applicable 
criterion in any case; it can, at the best, only be made 
use of by means of inference. It  is evident that the theory 
of scientific knowledge should be based directly on the 
more fundamental beliefs on which this inference is based, 
mad not on the universal consent itself. 

There seems to be no possible foundation for science 
intermediate between universal consent on the one hand 
and the individual judgment  on the other, for two reasons. 
First, as in the case of the universal indgment, ig wouht be 
necessary in every instance to deei';le that the judgment 
considered is a member of the class admitted by the 
criterion, which is an individual judgment.  Second, any 
use of another person's judgments  is based only on what he 
has communicated to us ; and we can make no use of his 
statements until we have decided bofll what they mean 
and whether they are reliable, both of which, again, are 
individual judgments.  Thus we can make no use of the 
judgments of others in our theory until the difficult 
questions of the nature of language and the acceptability 
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of testimony have been discussed. Science therefore rests 
on individual judgments, and so far is similar to mysticism 
or a r t ;  the judgments that  electric potential satisfies 
Laplace's equation and that 'The  Magic F l u t e '  is a 
superior work to ' The Bohemian Gi r l '  are distinguished 
by our own feelings about them and not by any external 
criterion. Even the a priori postulates, in their actual 
application, are individual judgments. 

On certain importan~ Prinei2,1es iu tlw T]~eory of 
Sciet~@ic Knowledge. 

Before we proceed to indicate the nature of the postulates 
involved in scientific knowledge, it will be useful to point, out 
that the results of empirical science fall into two divisions. 
The first of these is purely descriptive ; the second involves 
the use of induction. Much confusion exists about the 
extent and status of these sections--some writers holding, 
like Kirchhoff, that all science is descriptive, others (and 
this class includes many idealis~ philosoph('rs) maintaining 
that all science is inference, and invalid inference at that. 

Now description is a term with a wide application. There 
are senses in which a statement that one sensation is different 
from another is a description ; others in which a statemeht 
about the shape of a leaf is one ; and others, again, in which 
only a general proposition such as the ]aw of attraction 
under which the planets move about the sun can be called 
a description. All these types of proposition are necessary 
in a scientific review of the world, and each is more general 
than the preceding. Without the particular propositions 
no general descriptive proposition can be given any weight. 
Without  the general propositions no particular propositions 
can be given an), comprehensive significance. Some writers 
do not make the distinction between these kinds of propo- 
sition that may be called descriptions sufficiently clear. I t  
is, however, of the utmost importance in a theory of scientific 
knowledge to keep them distinct, tbr they are quite different 
in origin and logical structure. The particular propositions 
must, of course, precede induction. But in themselves they 
constitute only a very small part of science as we know it. 

Our point may be illustrated by a crude example, which 
we shall not attempt to analyse into the primitive elements, 
empirical and logical, which it really inv.lves. Suppose we 
have a disk which can roll down an inclined plane, and that  
we have some mechanism tlmt enables us to record its position 
every fifth second from the start,. Suppose it is found that 
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at these moments its distances from the starting-point are 
5, 20, 45, ... centimetres. Then to state that  at all the 
instants measm'ed the displacement is connected with the t ime 
by tile equation 

5 x  = t ~ . . . . . . .  ( I )  

is a mere matter of description, and a purely logicat 
consequence of the experimental data. No principle of 
generalization is yet  required. But suppose we want to 
know where the disk was 7 seconds from the start. True, 
it may have been 9"8 cms. from the starting-polnt, but it is 
perfectly clear that nothing in our present data will tell us 
that it was. The body could be anywhere when t = 7  secs., 
and yet be at the observed places at the observed instants. 
Thus we cannot interpolate or extrapolate from obserwd 
nmnerical data without some further principle;  arid it is 
here that induction enters and enables us to say that the 
equation (1) holds for instants other than the observed ones. 
in  practice a physical law that gives no information for 
values of the variables other than a deV, nite finite number 
is not of much use ; we are ahnost certain to want information 
for some other values than these. But it cannot give these 
with certainty. In the above case, if we at tempt to predict 
the value o[ x wb.en t is 100 sees., the equation (1) gives 
x - -2000  cms. ; but it is always possible that something may 
happen to the disk before it gets so far. Iu particular, the 
sizes o[ laboratory inclined planes are usually such that 
the disk will have been stopped by the end of its channel 
befbre it has gone any large fractior~ of this distance. Such 
inferences are only probable. We may perhaps be able to 
assert, in the absence of other knowledge, that our data 
make it probable that x will be 2000 cms. when t is 100 sees. ; 
but we cannot say definitely that it will be. This type of 
inference necessarily involves the notion of probability. 
Hence this notion nmst be one of our concepts, and its )aws 
must be among our propositions. We have shown in a 
previous paper ~ that there are no advantages, and several 
definite drawbacks, in treating probability as a derived 
notion;  and accordingly we shall treat it as a primitive 
concopt  wi~h postulates of its o~rn, which are accepted 
a l)~ioru The result obtained by such inference is never 
of the form " p  is t rue,"  where p is a proposition verifiable 
by observation: it is always of the form " the probability 
of p, given our data, is so much." Considering how general 

* "On certain Aspects of the Theory of Probability," Phi/. Mag. 
vol. xxxviii, pp. 715-734 (1919). 
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this result is, it is curious that no a~tempt has ye~ been made 
to evaluate even the order of magnitude of the probability in 
such inferences. We shall return to this point later. At 
present we shall only note that some criterion must be 
introduced that determines the probabilities of the values 
of the dependent variable according to different physical 
laws, any one of which satisfies the purely empirical data. 

In experimental work, however, it usually happens that a 
stoics of observations made at different times are connected 
wilh the time by no simple law. Two cases naturally arise. 
First,  it may be possible to find a simple law that nearly fits 
the observations: that is to say, the divergences of the 
observed values from those predicted by the law may be 
small compared with their total x-ariation in the whole range 
considered. In the above case, for instance, the observed 
values of x at times 5, 10, 15, 20 seconds might have been 
5, 21, 44, 81 eros. ; but the difference between any of these 
and the value predicted for t he  same value of t by the law 
5x=t  2 never exceeds 1 cm., which is only s! 0 of the whole 
range of variation of x. In such a case it is a mere ma,t, er 
of description to say that the observed values are satisfied 
by the law within a certain margin, ~ hieh we call " e r ro r . "  
The inferences to be drawn in this case will be of the form 
" the probability that the observed quantity at a certain 
time will lie between certain values is so much." 

The other ease is Where no simple law is known tba( fits 
the observations even approximately. There is now no 
better procedure than some conventional method of inter- 
polafion, based on the use of a fornmla containing a 
nmnber of undetermined constants equal to the number 
of observations. That this fits the observations is again 
mere description ; but the difference b,,tween the methods 
by which the laws are obtained in the two eases may 
be expected to correspond to a difference between the 
results inferred. I t  evidently rests on the existence of a 
dmpIe relation with certain relations to the observed quan- 
tities ; and it is important to notice that whenever one exists 
it is always adopted in practice, in spite of the fact ~hat 
the method of interpolation will in e~'ery ease give a reh~tien 
which has the advantage over the simple ene that it fits the 
observations exactly instead of approximately. Evident ly  
in ~cientific practice simpliei(y is considered to outweigh 
accuracy of description; the question is, whether this is 
d,:e to p,'acfieal convenience alone, or to some unexpressed 
assmnption that the results inferred by its means are in 
some way more probable or accurate on the whole than 
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those obtained by conventional interpolation. The status 
of simplicity in scientific method, and in particular its 
relation to probability, therefore requires examination. 

We notice that where a simple law exists it is obtained 
from the observations; then it is found that the obser- 
vations do not fit the law exactly. The discrepancies are 
called errors, and usually ignored afterwards. This is 
so far conventional, but nevertheless the convention is an 
extremely important one. The use of the word " e r r o r "  
has led to the idea that there is something wrong with 
such observations, which is not the ease. The observation 
is always right, in consequence of the mere fact that it 
is an observation. All errors of observation seem to l e 
reducible to this conventional f o rm:  a physical law is 
chosen to fit the observations as closely as possible, giving, 
in other words, a first approximation;  then another law 
is discovered to be relevant, and the two together give a 
eleser approximatioD, and so on, the error at each stage 
being merely the unexplained balance. Thus an error is 
just. the difference between an observed quantity and its 
value predicted by the combination of all the physical laws 
so far known to be relevant. The " t h e o r y  of e r ro r s "  
appears to be an extraneous hypothesis, based on a parti- 
('ular plausible assmnption about the nature of errors;  
its utility is chiefly in giving a unique solution in p~rticular 
eases where the solutions that fit the fhcts "llmost equally well 
(lifter considerably alnong themselves. This advantage is, 
however, liable to be exaggerated ~'. 

I t  is also necessary to accept test imony; some primitive 
propositions may be involved in this, but it is certainly a 
practice that requires further  analysis. :It is often stated1" 
to be based on certain resemblances of behavionr between 
the subject and other people, the subject knowing what 
ke would mean if he made the statements he hears or reads. 
This is probably largely true, but it is not the ~av in which 
one actually arrives at the principle in the fi';'st p lace;  
a ehihl obeys orders and otherwise shows by its behaviour 
that it can underst:md speech long before it is itself able 
to speak. The relation between other persons' speech and 
the events that it, represents is therefore originally direct 
and not by way of the subject's own speech. He could 
aecet)t testimony just as well if  he had been dumb all his life. 

* N. R. Campbell, ' Physics : The Elements,' 1920, p. 507. 
t Karl Pearson and others base the belief in the conseiou;ness of 

other persons on such resemblances; but testimony ap.pears to be 
acceptable without the introduction of other persons' eonsemusness. 
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Another problem requiring explanation, related to the 
last, is that of accepting the opinion of a class of 
persons on matters, not o[ observation but of inference. 
There is no longer any person whose individual know- 
ledge covers all science as at present know-n, and most 
scientific workers at some stage o[ their careers need 
to seek the opinion of others on matters on which they 
themselves are not expert. I t  is one of the most diflleult 
applications of the individual judgment to decide on the 
probability to be attached in such a ease. In a later paper 
we hope to give an account of some principles that may 
be adopted. 

The data we have to help us in the tasks of evaluating 
probabilities in special eases, and of choosing our primitive 
postul,tes, are merely the ordinary current notions of 
scientific validity. In other words, it is neeessary to 
interpret  common-sense. Any result ~'e offer mus~ "Jgreo 
with common-sense and with any results that ean be 
logically or mathematically deduced from common-sense. 
I t  is necessary to make this statement, for otherwise it 
might be maintained th~,t our assumptions are unsound, 
or that our results are untrue, or possibly that they 
are not proved. We have to decide for ourselves 
which results common-sense requires, then to consider 
out of which assumptions these can best be obtained, 
and then to see how far the assumptions themselves 
fit in with common-sense. Thus there is no question of 
" p rov ing"  a result, beyond showing that it is deducible 
from some set of propositions that we consider plausible. 
There is no question of making unjustified assmnptions; 
for we m~,ke any assumption tha~ we believe eorrect, ,nd 
then work out its consequences. I f  these results cover 
anything in experience, the position is that a certain state- 
ment A with which common-s~mse agrees can be logically 
obtained h-ore an assumption B. We look into the latter. 
which may or may not be in accordance with common- 
sense. Then we say that A and B are equivalent. If 
common--sense believes both, then we shall have sllown 
their  logical connexion. I f  it believes A and the contra- 
dictory of B, then we shall have shown that there is 
something wrong in the position of the man in the street  
in this domain, and that he must make his choice bet~veen 
believing both A and B or neither. This decision may be 
facilitated by working out other consequences of the two 
alternatives. In either case, we are assisting common-sense 
to build up a consistent and comprehensive attitude, and 
that is the aim of science. 
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I11 particular, it often happens that common-sense state- 
ments, including scientific statements, are so vngue that the 
problem of deciding whether they are self-contradictory or 
no?; is one of no small difficulty. This is especially true of 
beliefs about the external world of everyday l i fe - - the  world 
of chairs and tables beloved of philosophers, the world of 
polished door-knobs and coloured glass wi,dows. The only 
possible guide is tim analysis of that large aggregate of 
individual judgments that we call common-sense. Those 
that survive have to be re-stated in more abstract terms. 
I t  is of no use to object that we must define what we meal~ 
by common-sense. That is our starting-point. We cm~ 
either leave it undefined, as we suggest, or we can attempt 
to define it in terms of some other notion. There is no 
third possibility. I t  is a matter of great difficulty to find 
any more fundamental concept in terms of which to define 
it. As the notion is in general well understood, we shall 
not attempt to define it and shall take it as a starting-point 
in our theories. 

Special cure must always be taken that  any notion 
we leave mldefined shall be recognizable by some one or 
other of our facult ies;  and, further, that any method 
suggested shall be capable of being carried out. I t  will t)e; 
of no relevance to the question of scie,~tific validity that 
our results are logic,~lly coherent and intrinsically plausible, 
if we cannot recognize the entities to which they are 
supposed to apply or if we cannot carry out the processes 
suggested as means of adding to our knowledge. 

Tl~e Scientific Status of Simplicitj/. 

A large fraction of known physical laws are expressible 
in simtde mathematical forms, and we have already indicated 
the need tbr some ex:m~ination of the kind of advantage that 
simplicity confers on a t)hysic~d law. Obviously the simple 
Iaw is always the most convenient to work with iu theoretical 
investigations;  and often one is a(]opted, for this reason 
alone, in place of a known law that is more complex, but 
more aecurat% when further development of the con- 
sequences is contemplated. But this is far from being 
the only reason for adopting such htws;  though several 
eminent writers have lnaintailled that it is ~'. I t  must be 
realized that there are cases where a law of supreme 

* Bertrand :Russell, ~Mysticism and Logic,' p. 204; E. lV[ach, 'La 
Connaissa~me et l'Erreur,' p. 376 ; Karl Pearson, ' Grammar of Science~" 
p. 96. 
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simplicity fits our observations, running perhaps trite tens 
or hundreds of thousands, with errors never greater than 
a millionth of the total range of variation of the quantities 
involved. The Newtonian law of gravitation accom~ts for 
the motions of the planets with such accuracy;  and there 
are others in electricity and optics scarcely less simple and 
accurate. Is the prevalence of these simple and accurate 
laws due to the nature of our investigation, or to some 
widespread quality in the external world itself ? 

I t  may be suggested that the fbrmer alternative is correct, 
and that 'only the simplest laws would ever have been dis- 
covered. We think, however, that  this possibility disappears 
when the method of discovery of physical laws is examined 
more closely. The investigator does not set out to discover 
an empirical instance of a particular formal law ; he starts 
by making observations on topics chosen simply because 
they interes~ him, and he then chooses the law to suit the 
.observations. I t  is a matter of logical necessity that  a law 
can always be found--indeed, that an infinite number of 
taws can be found-- that  satisfy a particular set of obser- 
vatioz~s. The remarkable fact that emerges from the results 
is that it is so often possible to find a simple one ; for there 
~s no mathematical necessity for this. Many important 
cases are, of course, known where no simple h~w fits the 
observations: such as, for example, the permanent d e f e r  
marion of met~lls under stress and the relation of the velocity 
of a shell to the air resistance. Yet complex empirical htws 
are well known in such cases. Thus the possibility of finding 
laws is not dependent on their simplicity. 

The existence of simple laws is, then, apparently, to be 
regarded as a quality of na ture ;  and accordingly we may 
infer that i~ is justifiable to prefer a simple law to a more 
complex one that fits our observations slightly better. In 
other words, the simple law may be supposed to be idoso 

,.~tcto n l o r e  probable than a complex one. Some such tacit 
assumption evidently underlies the widespread use of 
inference fi'om simple laws, and the great confideme 
usually placed in the results;  for the only al ter .at ive 
reason for the adoptiou of the simple law is its convenience, 
and one would hardly place much reliance on an inference 
dependent on a hypothesis chosen merely for convenience. 
Thus scientific practice seems to require the assumption that 
an inference drawu from a simple scientific law may have a 
very high probability, often not far from unity. I t  cannot 
be exactly unity, for that would mean that no other law was 
possible; and this is never the case. 
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Now it appears certain that no probability is ever deter- 
mined f,'om experience alone. I t  is always influenced to 
some extent by the knowledge we had before the experience. 
In the notation of our previous paper, let P ( p : q )  denote 
tho probability of the proposition p, given the data q. 15~e 
had the general proposition 

P @ . ~ :  1,) = P(~, :  q .1 , )P(q  : l~) 

= e (V:  V. a) e ( ~ , :  1,). (1) 

Here let p be the general ]aw under consideration, q the 
propositions found true by experiment, and h the knowledge 
we had before the experiment. It' q are implied by p and h 
together-- in other words, if the observations satisfy the 
law--we have 

p ( q : p . a )  = 1 . . . . . . .  ( 2 )  

Hence 
P ( p  : q . h )  - P(p  : h) 

70 . . . . . .  ( 3 )  

Thus the verification of a conseqnen, ce of a hypothesis 
divides its probability by the prior probability of that 
consequence. 

I f  (11, q2,... % denote successive verified consequences, we 
find by repeated applications of (3) that 

P(~,:  ,~. %~...  %.  7 0 = P ( j , :  a)le(,~, : 7,)e(,~, : q , '  i,) . . .  
[ O ( ~ n :  VS"  ¢]2 " • • ~/ , , - -1 .  I t )  . . . . . .  ( ~ )  

Now, if a general law ever has a finite probability, and the 
probabilities P(qz : h), P(q2 : g, •/~), . . .  are always less than 
some number lqnitely less than unit)-, a sufficient nmnber of 
verifications would make the probability of the law greater 
than unity, which is impossible. Hence at least one of tile 
following alternatives must be true : - -  

(1) The general law, however often verified, can never 
have a probability finitely, different from zero. 

(2) As the number of verifications of tile law increases, 
the probability that the next verification will be 
successful approaches arbitrarily near to certainty. 

The latter alternative evidently agrees perfectly with 
ordinary scientific inference. I t  may be noticed, however, 
that it does not imply that the probability of the law 
approaches indefinitely near to unity when the number of 
verifications increases enough, but only that the probability 
that the next inference from it will be correct does so. 
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Thus we have the familiar result that a decision between 
alternative and equally probable theories cannot be made by 
verifying inferences that can be made from both. The first 
alternative certainly does not agree with ordinary beliefs 
about the validity of scientific laws ; however sceptical we 
may be about the finality of a particular law, we sho~lld say 
that its probability was finite. 

Let us suppose, if possible, that tile number of general 
laws possible is ~n, and that they all have the prior proba- 
bility 1/,~. Suppose a number of experiments to have been 
made to test these. Thel~ the only survivors are those 
which imply the results of these experiments, which may 
be summed up in the proposition q. Each of them after 
the series of experiments has the probability 1/mP(q:h).  
Thus every law has the same probability after the expe- 
riments, and we are as far from being able to make any 
inference by means of them as we were at the start. I t  
there/bre appears that, unless there is some difference 
between the prior probabilities of the alternatives, scientific 
inference will always be impossible, except in the very 
special case where only cue law out of the class considered 
a,~t~nissible ills the observations. 

Instances of the type of assumption that fails in this way 
to g{ve any workable theory of inference are afforded by all 
the most obvious assumptions one might make about the 
extent of the classes of laws that are equ~dly probable. For 
instance, suppose we are given that all functional relations 
whatever are equally probable. The prior probability of any 
one function being right is in this case the infinitesimal l/C c, 
where C is the number of points in the eontintmm. If  all 
the observations were of the exact values of the variables, 
the prior probability of each would be l/C, and thus the 
probability of tiny law that survived the first trial would 
be C/C e, which is also infinitesimal. But at the next trial 
the number of these functional relations that are satisfied by 
the value observed is Cc/C 2. The product of this by the 
probability of any one separately gives the probability of 
this value observed at the second trial, which is therefore 
Ce/C ~ x C/C e. This, being the quotient of two equal infinite 
numbers, is strictly indeterminate. Thus nothing can be 
inferred about the probabilities of particular values at the 
next trial. The process may be repeated indefinitely, and 
we thus see that without some further assumption inference 
will be impossible. 

The matter is not helped by supposing the observations to 
be of form "S,  for a particular value of x, such as xl, lies 
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between 2/1-~ and J l + e . "  The only difference is that the 
number of different possible observational results is now ~¢0 
instead of C;  the above process then gives the probability 
of any result of the next trial to be Cc/No2--CCjN0, and 
this also is indeterminate. The restriction of the possible 
functions to continuous ones does not affect the result, as 
the number of alternatives remains the same. Even if the 
funetlons involved in physical laws are restricted to being 
analytic, a suggestion of Jourdain's that has otherw:~e much 
to recommend it, the probability is (I/l%-°+C/l¢0, which is 
still indeterminate. 

I t  seems, therefore, that the hypothesis that all functions 
of these assigned classes are equally likely to occur in 
physical laws is incapable by itself of giving any theory of 
inference. Some further assmnption is necessary before 
any progress can be made, and consequently there is no 
advantage in adopting the tbrmer assumption among our 
premises, unless it can be shown that the alternative 
assumption that not all functional relations are equally 
probable is unworkable. This alternative evidently requires 
that functions can be arranged in a sequence, so that each 
is more probable than all that follow it, and such that after 
any function or set of functions there are one or a finite 
number of functions whose probability is highest. I t  may 
not be necessary that every function shall be either more 
or less probable than any other:  in other words, the 
sequence may have branches or loops. But it will be 
necessary that those with the same probability shall be 
iinite in number, for otherwise the objection that inference 
would be impossible would apply again. 

Thus two a~sumptions are needed : first, that all functions 
ocearring in physics are capable of being arranged in a 
sequence with this particular property; and, second, that 
this can be achieved by means of the relations more  and 
less p robab le  tha~.  Now the type of arrangement we 
have just defined has precisely the property called " well- 
orderednoss" in modern logic. The important characteristic 
of such a sequence is that, if  any set of terms whatever is 
selected from it, there is at least one member of the sequence 
that immediately succeeds this set. Consider, for instance, 
the natural ordinal numbers, and add to them the infinite 
ordinal numbers ; we then have a particular ease of a well- 
ordered sequence, as follows : ~  

1, 2, 3, . . .  n, n + l ,  . . .  o~, co-I-1, o~+ 2,  . . .  2o~, . . .  co 2, . .  • 
(5) 
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Any set of finite numbers from this sequence has an 
immediate successor. I f  the set is a finite one, the sue- 
cessor is the finite number  that follows the last of the set. 
] f  it  is an infinite one, the immediate successor is a~; for 
in tile first place ~o succeeds all terms of' the set, and in the 
second place any term before co must be finite and therefore 
can only have a finite number of terms before it. Hence 
¢o has the properties of being after all members of the set, 
and of being the first ordinal that follows all members of 
the set. These are the distinguishing features of the 
immediate successor of a set. 

] t  is not always clear, even to physicists, that non- 
well-ordered sequences exist. The whole of the modern 
theory of functions is concerned only with well-ordered 
series, and indeed with the simplest possible kind of 
infinite ordinal type, namely ~ itself. The series of 
rational proper fractions in order of magnitude offers the 
simplest example of a non-well-ordered series. I f  we take 
from this the set ½, ~,. ~, ~, . . . ,  we easily see that this set 
has an immediate successor in the series, namely {. On 
the other band, the set consisting of all terms less than 
or equal to 1 has no immediate successor, for between any 
successor and { there is another successor of the set, so 
that  the suggested successor can always be shown not to 
be immediate. This series can, however, be re-arranged so 
as to be well-ordered, as follows : 

I, }, }, ¼, L ~, ~, }, ~,.... (6) 

I a  this we have writ ten down first those terms whose 
denominators and numerators added together come to 2, 
then to 3, and so on, putt ing first in each ease those with 
the smaller numerator. The sequence of all numbers,  
rtttional and irrational, resembles the last in being not well- 
ordered when arranged in order of magnitude ; but in this 
case it is not known to be possible, and suspected to be 
impossible, to rearrange it so that it will be well-ordered. 

We have suggested that the functional relations that 
occur in physics can be arranged in a well-ordered series. 
I f  we make the further assumption indicated by ore" previous 
principles, that any of the relations we are in search of 
can be reached in a finite nmnber of steps, the number 
of admissible functions cannot exceed the number of finito 
integers, namely ~0. This at once imposes a severe re- 
striction on the classes of functions occurril~g in physics. 



Fu~tda,~ental Pri~ciples of Scientific h~qui~'y. 385 

For instance, the class of all functions whatever, and the 
class of all continuous functions, have each the nmnber CC; 
even the class of analytic functions has the number C 
or 2~0, which is greater than l¢0. We cannot therefore 
admit the possibility of every analytic function. Even if 
the coefficients in the expansions of' analytic functions in 
power series are restricted to be rational numbers, the 
number of possibilities is still 2 ~°. We are therefore 
reduced to trying to specify a class of functions, N0 in 
number, which will include all functiolls at present known 
to physics. The class'~Of all polynomials with rational or 
algebraic coefficients has the proper number;  but it does 
not fulfil the second condition, since it~ does not include 
trigonometric functions. The same applies to the class 
of algebraic functions involving no constants other than 
rational and algebraic nmnbers. " Non-algebraic coefficients 
are, of course, not all admissible, since the number of 
possibilities would at once rise to 2 u°. Some transcendental 
functions must be admitted if our assumptions are to cover 
our present beliefs, which we are not t)r~,pared to abandon 
without very strong reason. We may notice, however, 
that these transcendental functions are hardly ever derived 
directly from observation; they practically always arise 
first in theoretical work, and it is not till afterwards that 
it is verified that they satisfy the results obtained by obser- 
vation. In the theoretical work they arise as the solutions 
of differential equations of finite order and deg('ee. The 
coeffieicnts in these, however, usually involve constants, 
such as mass, electric charge, and size, which are appa- 
rently more or less subject to our own court.el; if these 
;ire supposed capable of continuous variation, a diffcrential 
equation involving any of thenl is only one of a cl~ss whose 
number is (~, and our suggestion fails. This difficulty is 
readily overcome in either of two ways. We can suppos~ 
that i;hese quantities can only vary by finite stages, in 
which case the number of possible values is only No; or 
we can suppose that any equation involving them is not 
in its most fundamental form, and that it should be dif- 
ferentiated again and have these constants eliminated. 
The former suggestion agrees with modern ideas on the 
discontinuous structure of mat ter ;  the latter is tenable 
even if these ideas should be abandoned. Now the number 
of differential equations of finite order and degree with 

Phil. Mat. S. 6. Vol. 42. No. 2~9. Sept. 1921 .  2 D 
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rational coemcients is ~0, so that  all our data are consistent 
with the following assumption : 

Every law of physics is expressible as a differential 
equation of finite order and degree, with rational 
coefficients. 

I t  may be objected that some of the arbitrary constants 
itlvolved in the solutions of physical equations are capable 
of a continuous series of values within a definite range, a,~d 
therefore that the true number of solutions is C;  so that 
we are no further forward. I t  m;~y be replied that the 
differential fbrm, not the integrated form, is the physically 
fundamental one;  or~ alternatively, that these constants, 
it1 so far as they are physically determinable, can have 
only ~¢0 distinguishable values. Either alternative appears 
tenable, ,nnd the :we are consistent; so that there will 
be no objection to the adoption of both if that course is 
considered desirable. 

I f  this assumption be granted, it follows at once that 
the series of posslble physical laws can be well ordered. 
If  a series can be well ordered in one way, however, it 
can be in many, and we still need a criterion that will 
enable us to decide which of these possible arrangements 
is the one determined by probability. Our suggestion is 
that a valuable guide is provided by the notion of simplicity, 
which is a quality easily recognizable when present ;  m 
other words, the simpler the law the greater is its prior 
probability. On this theory, then, the prewdent practice 
of adopting the approximate but simple law in preference 
to the exact but complex one is based directly on the higher 
prior probability of the former. The probabilities of the 
various possible laws must form a convergent series, whose 
sum is rarity. I t  would be interesting to have precise 
estimates of these, but there seems to be no satisfactory 
way of evaluating them at present. It is, however, enoug]l 
for our present purpose to suppose that whatever be the 
number of theories that have been tested and abandoned, 
the probability of the most probable remaining law is 
larger than some fraction and is never infinitesimal. I t  
is not necessary to suppose that the series converges 
with extreme rapidity, so that the ratio of the proba- 
bilities of consecutive laws may not be very different from 
unity.  

With  these premises, the problem of the probability to be 
attached to an inference can be dealt with. I f  p denote 
the most probable law at any stage, and q an additional 
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experimental fact, we can easily prove that 

P(p :q .h )  P(q:p.h)  P(p  :/,) 
P ( - p :  q. 1,) = p ( - f :  a)" (7) 

By the postulate just made, P ( p :  h) /P(~p : h) is not very 
small. I f q  be implied by p, w e h a v e P ( q : p . ] 0 = l ,  while 
if the contradictory of p gives no particular inference about 
the truth of 9, P ( q : ~ p . l  0 may he very small, especially 
if  q involves accurate measurement. Hence, even it' p has 
not a very large prior probability, a single verification of a 
consequence not predicted by the contrary of p may rMse 
~he probability of p to something much greater than that 
of its contrary; so that the probability of a well-verified 
hypothesis may approximate to unity in accordance with 
the theorem on p. 381. In such ci,'cumstances the proba- 
bility of a further inference from the law is not appreciably 
higher than that of the law itself; since tim second term in 
~tle equation 

+ e C ~ p :  q,. a) p(,~,: ~ f .  ~,. a) (8) 

is the product of two small factors. In such inference, 
*hen, there is no advantage to be gained by proceeding 
directly t~rom the data to the inference rather than by way 
of the general law, as has sometimes been suggested. On 
these lines we consider that a satisfactory theory of physical 
inference can be built up. 

It will be noticed that the argument in the last paragraph 
depends largely on the smallness of P(q : ~2~. k). If, how- 
ever, there is a moderately probable law involved in ~ p  
which also leads to q as a consequence, {his probability will 
not b~ snmll, and the probability of / )  after the verificMion 
will stand to that of this alternativ~ law in just the same 
ratio as before. This brings out the value of wha~ are 
known as "crucial tests." 

Again, the intimate relation of the probability of a law to 
its experimental verification is well indicated. Even if the 
prior probabilities of two laws with different domains are 
notably different, tim effect of several verifications of each 
is able to make the posterior probabilities of the two laws 
practically equal to each other and to unity. This apparent 
unimportance of the prior probability in comparison with 
experimental verification, provided it lies within certain 
reasonable limits and is not infinitesimal, recalls our resul~ 

2 D 2  
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with reg,~rd to fair sampling*, in which we showed that 
the proportional composition of an aggregate is probably 
very near that of a largo sample taken from it, the prior 
probability of a particular composition being practically 
irrelevant as long as it lies within certain very wide 
limits. 

I t  may be pointed out that in the well-ordering of the 
series of functional relations admissible ill physics, laws 
identical in all features, except that corresponding con- 
stants have slightly different values, are likely to be widely 
separated. Evidently the arrangement of such laws, re- 
garded as a subset of the whole sequence of possible laws, 
cannot be in the order or inverse order of magnitude of 
the values of these constants. For a subset of a well- 
ordered sequence is necessarily itself well-ordered, while 
such a series as this must be of the type of the series 
of the possible constants--namely, the rational numbers--  
in order of nmgnitude, and cannot be well ordered. On 
the other hand, we cannot specify completely what tl~e 
actual order must be, for if a sequence can be well ordered 
in one way it can be in many. One possible and apparently 
quite satisfactory way of well-ordering this subset is to 
express each fraction in i~s lowest terms, and to adopt the 
rule that where the sum of the numerator and denominator- 
in one is less than the corresponding sum in the other 
the former shall precede the latter in the series. Where 
the stuns are equal in the two eases, the fraction wi~h the 
smaller numerator should come first. In this arrangelnent 
a fraction differing from an integer by 1/n, where n is 
large, will not be reached till after something of the order  

of E(b(n) terms, where ¢(n) is the nfimber of integers less 
1 

than n and prime to it. Now, if the probability of the 
ruth term be p,~, Zp,~ must be a convergent series, so that  
1',,* must decre.qse with m more rapidly than 1/m. Hence 
the probability of a fraction differing frmn an integer 
by 1/n must decrease as n increases more rapidly than 

n 

1/Z~b(n). Even with different well-ordered arrangements 
a 

from this, there is no way in which such fi'actions can be 
made to occur early in the series save in exceptional cases. 
Thus laws differing from simple ones in having very slightly 
different values of numerical constants will be expecte4 

* Zoc. tit. p. ~.S. 
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to have extremely small prior probabilities, which will render 
tremendous the amount of verification necessary to give 
them any weight. This was, for instance, the ease with 
regard to the suggestion that the excess motion of the 
perihelion ot Mercury could be explained if the attraction 
of the Sun varied inversely as the 2"000000016 power of the 
distance instead of as the square. The exiguous prior 
probability of such a law appears to us to make it quite 
unplausible, apart from the empirical results which led 
to its abandonment. 

Sllm~?~(trff. 

I t  is shown that intensive theories of the structure of 
Nature which involve the use of infinite classes of entities 
o[ kinds known only t)y observation are not capable of 
yielding satisfactory accounts of the method by which 
we have acquired our knowledge of physics, and that tile 
same applies to the theory of universal consent as a basis 
of scientific knowledge. The whole of a single person's 
knowledge is based upon a finite number of observations 
and his individual judgments,  and the problem of a theory 
of scientific knowledge is" to show how this can be carried 
ont. 

I t  is clear that such a theory must depend on the theory 
of probability, and the question of the probability of physical 
laws and of inferences based on them is discussed. I t  is 
shown that it will never be possible to attach appreciable 
probability to an inference if it is assumed that ,11 laws of 
an infinite class, such as all relations involvinz only analytic 
functions, are equally probable a priori. I f  inference is 
possible., the admissible laws must not be all equally probable 
a prwr, .  I t  is suggested that all admissible Jaws can be 
arranged in a well-ordered sequence, each having a finite 
prior probability, and such that each is more probable than 
any that follows it in the sequence. The probabilities of the 
laws lnust form a convergent series. On this basis it is 
shown that with sufficient empirical verification of a law 
the probability of further inferences from it will approach 
certainty. 

There is reason to believe that all admissible laws mus~ 
form an enmnerable aggregate, and this condition, and appa- 
rently all others which are necessary, are satisfied if we 
suppose that all laws admissible in physics are expressible 
as differential equations of finite order and degree, with 
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rational coefficients. The most natural ways (,f well- 
ordering ~hese are such that those of low order and degree, 
and involving no nmnerical constants .other than small 
integers and fractions with small numerators and done- 
ndnators, come earliest in the sequence. Accordingly, 
the practice of adopting the simplest law that fits the 
available observations appears to be closely related to the 
possibility of a satisfactory theory o[ inference. 

X L I I I .  ~/7,e Mental Multiplicatio~ and I)ivlsio~ of Large 
.Numbers. By V. A. BAILIff, M.A., Queen's College~ 
Oxford *. 

T HE current methods of long multiplication and division 
have been in existence practically since the twelfth 

century, when they were given by the Hindoo Mathematician 
Bhaskara. 

Some of the modifications of these methods are given in 
the Encyclopedia Brittanica, 11th edition, Article "Arith- 
metic." In particular, mention is made of a process of long 
multiplication which may be performed wholly mentally, 
though with some difficulty. 

The process described below may be regarded as a develop- 
ment and simplification of this last, though originally arrived 
at independently. 

After very little practice with this new method the author 
h:~s found it to possess the following other advantages over 
the ordinary method : - -  

( i )  It  is speedier. 
(2) Less liable to error. 
(3) Loss fatiguing for large nmnbers. 
(4) By reversing the process we can perform tong 

division mentally. 

The method is best explained by indicating the steps in an 
actual example. 

Let us evaluate 24968 x ~352. 
On a slip of paper write down the multiplier backwards, 

taking care to give the figures the same spacing as the 
multiplicand. Star~ with the left-hand digit on the slip 
placed under the right-hand digit of the multiplicand 
thus : ~  24968 

* Communicated by the Author. 


